The differential equation in the external invariant p 2 satisfied by the master integral of the general massive 2-loop 4-denominator self-mass diagram is exploited and the expansion of the master integral at p 2 = 0 is obtained analytically. The system composed by this differential equation with those of the master integrals related to the general massive 2-loop sunrise diagram is numerically solved by the Runge-Kutta method in the complex p 2 plane. A numerical method to obtain results for values of p 2 at and close to thresholds and pseudo-thresholds is discussed in details.
Introduction.
Precise measurements of particles properties require that the corresponding theoretical calculations have to include up to (at least) two-loop radiative corrections. In this paper we investigate a fast and flexible numerical method for their accurate evaluation.
A commonly used procedure in modern radiative correction calculations is to express the result as a combination of a limited number of Master Integrals (MI's), using the integration by parts identities [1] . In this framework, it is necessary to obtain a precise determination of the MI's, even if the analytical values cannot be obtained due to the large number of different scales occurring in each of the MI's (internal masses and external momenta or Mandelstam variables), as it happens in electroweak theory.
The general massive 2-loop self-mass diagram has four MI's related to the sunrise (3-denominator) diagram, only one independent MI related to the 4-denominator diagram, and again only one new MI related to the 5-denominator diagram [2, 3, 4, 5] .
Several procedures for a precise numerical evaluation of the MI's have been and still are investigated, such as multiple expansions [6] , numerical integration [6, 7, 8, 9, 10, 11, 12, 13, 14] , or difference equations [15] .
Another method based on differential equations [16, 17] was proposed in [18] , where it was shown how to use Runge-Kutta method [19] to solve numerically the system of linear differential equations in the external invariant p 2 satisfied by sunrise master integrals. The method was extended to 2-loop 4-denominator and 5-denominator cases in [20] , where it was also suggested how to evaluate numerically the MI's nearby thresholds and pseudothresholds. We give in this paper an accurate implementation of that approach for the sunrise and the 4-denominator MI's.
In Section 2, the (n − 4) expansions of the MI's are constructed, in Section 3 initial conditions for the differential equations for the Master Integrals (or Master Differential Equations, MDE's) are discussed. Some results of the program, showing characteristic behaviour of the studied MI's are presented in Section 4. In Section 5, a method for the numerical evaluation of the MI's near thresholds and pseudo-thresholds is discussed in detail, while Section 6 is devoted to comparisons with existing results.
Finally, in Section 7, our conclusions on the application of the method to present and further work are presented.
2 The MDE and the expansion in (n − 4) of the MI
We use here the following definition of the MI related to the general massive 2-loop 4-denominator self-mass diagram, shown in Fig.1 ,
where integration is performed in n−dimensional Euclidean space. † Wherever necessary to avoid ambiguities, the usual imaginary displacements in the masses m 2 i → m 2 i − iǫ, where ǫ is an infinitesimal positive number, are understood. The arbitrary mass scale µ accounts for the continuous value of the dimensions n. In numerical calculations, we choose µ = m 1 + m 2 + m 3 , one of the natural scales of the problem, corresponding to the 3-body threshold, while for simplicity in all analytic formulae we put µ = 1. To recover results for arbitrary µ, one has to substitute m i → m i /µ and
The master equation reads ‡
, finally, is the massive 2-loop sunrise vacuum amplitude defined in [4] (see also [21, 22] )
In the following we also use the massive 1-loop self-mass
with minor changes in the notation with respect to [17] .
The expansion in (n − 4) of the solution of Eq.(2) reads
where the coefficient
is not expanded to simplify analytical results. Similar Laurent-expansions in (n − 4) of F j (n, m 
where R(−p 2 , m 
The function
is not known analytically, but it satisfies the differential equation 
Although the coefficient
is given analytically above, we report here also the differential equation, as it is used in the numerical program, for the related quantitȳ
. (13) 3 Initial conditions (expansion at p 2 ≃ 0 ).
To start the Runge-Kutta advancing solution method we choose as initial point the special point p 2 = 0, which allows the analytic calculation. However, as this is one of the points where the coefficient multiplying the derivative of F (0) 4 vanishes (Eq. (12)), it is necessary to know also the second term in the expansion at p 2 ≃ 0.
The general massive 1-loop self-mass expansion at p 2 ≃ 0, was presented in [17] , but we report here the explicit formulae to uniform the notation
where 
As p 2 = 0 is a regular point, we define the expansion at p 2 ≃ 0 of the MI from Eq. (1) as
The value at p 2 = 0 is easily found from Eq.(1) and reads
It can be in turn expanded in (n − 4) in the usual way
with
The expansion in (n − 4) of the coefficient of p 2 in Eq. (16) is 
The above expression for F 
Numerics.
As already illustrated for the case of the 2-loops sunrise graph in [18] , one can use the Runge-Kutta method [19] to advance the solution of the MDE, in this particular case Eq. (12) , from the known initial conditions at p 2 ≃ 0, following a complex p 2 -path in the lower half-plane. We add Eq. (12) and Eq. (13) to the system of the four MDE for the four sunrise MI's [18] , as they are present also in Eq. (12) , and we solve the system at the same time for all the MI's in the same numerical program.
All the features discussed in [18] regarding precision and organization of the program remain unchanged. Of course the execution time increases as the system of equations is bigger.
Again for convenience, we use reduced masses and a reduced external momentum
where the choice for µ is motivated by faster numerical calculations.
As discussed in [18] Fig. 5 shows that the qualitative behaviour of both functions nearby the 2-body threshold does not depend on masses (compare Fig. 2 ).
The imaginary part of Im F (0) 4 starts to be non vanishing at the 2-body threshold, as shown in Fig. 6 , but this time no visible modification comes in at the 3-body threshold. The peaking behaviour of the imaginary parts is shown enlarged in Fig. 7 .
In Table 1 The values at thresholds and pseudo-thresholds are obtained with the method discussed in the next section, the value at p 2 r = 0 is from the analytic formula.
Thresholds and pseudo-thresholds.
The numerical calculation with the system of MDE does not allow for p 2 r much closer than 10 −4 to the thresholds and pseudo-thresholds (special points), due to the numerical instability of the equations in these surrounding-domains. So a special treatment is required to get precise values of the MI's there.
For the sunrise MI's the analytical expansions at pseudo-thresholds [23] and at threshold [24] were previously obtained. In [18] these results were used as starting points for the system of MDE's for the sunrise MI's to get reliable results in the surrounding-domain of these points. However this method is not universal, as it requires a separate analytic calculation of the MI expansion at these points, which is difficult and probably not always possible.
We discuss here in detail the features, advantages and limitations of an approximation method, which is rather precise, universal and easy to use. This method was recently proposed in [20] . However the 'universal' approximant suggested by the author applies only to some cases and fails at the 2-body threshold relevant for the present calculations.
The method consists in the construction of a suitable approximant of the MI, which due to the smallness of the surrounding-domain is naturally the expansion of the MI around the considered special point. The proper form of the expansion (with undetermined coefficients) around each special point can easily be deduced from the MDE's themselves [25] .
The coefficients of the approximant are calculated using numerical values of the MI, obtained solving the system of MDE for some points nearby the special point, but outside its surrounding-domain to avoid numerical instability. The approximant is used to get the values of the MI at the special point and within its surrounding-domain. Note that the proper form of the expansion around a special point is crucial to produce right results around special points. With the wrong choice of the approximant one may still get the values at the special points right, when the points chosen for the approximant 'construction' are symmetrically distributed around the special point. The values obtained for the surrounding-domains will be however wrong.
To test the precision of this approximation method, we compare its result at the special point with that obtained from analytic result there, when available, and in the surrounding-domain with the result given by the advanced numerical solution of the MDE's started from the special point. Of course the approximation method can be used also in a region where a MI does not contain a special point to test the precision of the method.
The 2 and 3-body pseudo-thresholds are the simplest points to be treated in this way: as they are regular points the approximant can simply be the power expansion. For each MI (F (0) i , i = 0, 1, 2, 3, 4 and S (0) ) in each of its pseudo-thresholds can be used an approximant of the type
where
ps,r and p 2 ps,r is the value of p 2 r at the pseudo-threshold. As we want to use x well below 10 −4 , in Eq. (23) it is enough to use four terms in the expansion, the truncation causing a relative error of the order of x 4 = 10 −16 . The actual implementation of F (x) uses the four points x = ±10 −4 , ±0.5 · 10 −4 to calculate the four coefficients a i , i = 0, 1, 2, 3, the error associated to its value is dominated by the error coming from the numerical calculation of the MI at these points. It has to be noted that the coefficients of the expansion Eq. (23) 
where x = p Comparisons with the analytical results for the sunrise MI at the 3-body threshold [18] and other tests like those at pseudo-thresholds were performed with the same conclusions, so again a precision of the order of 10 −11 − 10 −12 can be assumed.
At the 2-body threshold the proper approximants for S (0) and Table 1 of [8] , to whom barred notation refers. 
